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AN ARCHIMEDEAN TRACT 
OF IMMANUEL TOV-ELEM (14TH CENT,) 
BY NACHUM La RABINOVITCH, JEWS’ COLLEGE, LONDON 
SUMMARIES 
Immanuel ben Jacob Tov-elem (Bonfils) of Tarascon (France) 
was one of the leading mathematicians of the 14th century. 
A single copy of an Archimedean tract,in Hebrew by Immanuel 
isknown. (Raris Hebrew ms. #1026.) It contains: 1) a 
lengthy and detailed computation of a closer approximation 
to the ratio of the circumference to the diameter of a 
circle; 2) various theorems on circles, spheres, cylinders, 
cones, and regular polyhedra; and 3) a section on arithme- 
tic with detailed instruction and examples for extracting 
square roots. 
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To compute IT Immanuel follows Archimedes' method with 
minor changes except that Archimedes used inscribed and 
circumscribed 96-gons to obtain the inequality 
3 lo/71 < IT < 3 10/70, whereas Immanuel extended the 
computation by considering polygons of 3072 sides. He 
explicitly discusses the problem of minimizing the possible 
error in selecting within the bounds determined a suitable 
approximation for n. His upper bound is 3.14171+. An 
error in the ninth stage of his computation of the lower 
bound gave him a value too high , so that he concludes that 
377/120 is a suitable approximation for n. 
Inunanuel ben Jacob Tov-elem (Bonfils) de Tarascon 
(France) dtait un des math&naticiens principaux du 14e 
sibcle. I1 y a seulement une copie d'un tract Archimddien 
en H&brew compose par,Immanuel (Paris Hgbrew ms. no. 1026). 
Ce contient: 1) un long calcul d&ail16 d'un meilleur 
approximation du rapport de la circonfgrence au diametre 
d'un cercle; 2) theor&mes divers sur les cercles, les 
sphkes, les cylindres, les cones, et les poly&dres 
rgguliers; et 3) une partie sur l'arithm&ique avec des 
indications d&aillees'et des exemples pour l'extraction 
.des racines car&es. 
Pour estimer n Immanuel suit la m&hode d'Archim&de 
avec des petits changements sauf qu'Archim&de a employ6 
les 96-gons inscrits et circonscrits pour obtenir 
l'in&galit& 3 lo/71 < n < 3 10/70, pendant que Immanuel 
prolonge le calcul en considkant les polygons de 3072 
c&&s. I1 discute la probl&ne de minimiser l'erreur 
possible en choisissant une approximation convenable de 
n dans les limites dkerminees. Sa borne sup&ieure est 
3.14171+. Vn erreur B la neuvieme &age de son calcul 
de la borne infkrieure lui donne une valeur trop grande 
afin qu'il conclut que 377/120 est une bonne approximation 
de n. 
INTRODUCTION 
In recent years historians of mathematics have paid increasing 
attention to the influence and transmission of Archimedean tracts 
in the Middle Ages, before the great rediscovery of Archimedes 
during the Renaissance which paved the way for the Scientific 
Revolution. Professor Marshall Clagett has made available 
critical editions with commentary and English translation of 
various Latin treatises which were either presented as versions 
of Archimedes* own writings or reworkings of his ideas. [l] 
However, it would seem that the picture of Archimedes' 
impact on medieval European science cannot be complete unless 
another important channel of transmission is investigated. 
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There were throughout Christendom, Jewish savants who wrote in 
Hebrew but who also had extensive contacts with Latin schoolmen. 
Although many of their works were rendered into Latin, those that 
were not cannot be dismissed as being of no significance for 
European science, for oral transmission must have played a major 
role in disseminating knowledge. 
One such fourteenth-century Hebrew writer was the astronomer 
and physician Immanuel ben Jacob Tov-elem, or as he is styled in 
French, Bonfils. [2] Also known as Immanuel of Tarascon after 
the town on the river Rhone in southern France where he spent a 
great part of his li.fe, he flourished c. 1340-1377 and is known 
to have taught mathematics and astronomy in Orange. 
Although his scientific works were all written in Hebrew, he 
enjoyed great popularity far beyond the circles of Hebrew readers 
as ev,idenced by the fact that he was the only Jewish writer of 
the period to be translated not only into Latin but also into 
Greek. His magnum opus was named Shesh Kenafayim (Six Wings, 
after Isaiah 6:2) because its astronomical and calendrical tables 
are divided into six sections or wings. It was rendered into 
Latin in 1406 and a Greek translation appeared in 1435. [3] 
George Sarton ranked Immanuel Tov-elem among the greatest 
mathematicians of the fourteenth century by virtue of his 
invention of decimal fractions and a uniform system of exponents 
which enabled him to substitute addition and subtraction of 
positive and negative exponents for multiplication and division 
of powers of 10 (or 60). [4] 
Immanuel also wrote a number of tracts on various astronomical 
matters as well as a mathematical work of which the first part 
expounds theorems on circles and spheres in the Archimedean 
tradition in addition to a computation of 71, utilizing techniques 
for extracting square roots presented in the second part, 
The only'known ms. of Immanuel's Archimedean treatise is in 
the Bibliotheque Nationale in Paris, folios 59-79 of Hebrew ms. 
No. 1026, and is referred to on the title page in a Latin 
inscription as "dissertatio Geometrica R. Emmanuelis filis 
Jaacob," with a further surprising description of its main 
result: "Quad habitudo diametri circuli ad circumferentiam 
maior est habitudine numeri 1001002 ad 16017006.", Unfortunately 
it was written by a very careless scribe, who made a great many 
errors, especially in transcribing numbers, although apparently 
he tried to check some of the computations and filled some 
margins with his calculations. However, it has been possible 
without too much difficulty to reconstruct Immanuel's original 
numbers and to discover the mistake which he himself made which 
denied him the accuracy in evaluating 71 which his considerable 
computational labours should have attained. 
Besides being an example of the genre of medieval Archimedean 
dissertations, the work is significant in three further respects: 
1. Neither Archimedes himself in his Measurement of a 
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Circle [S] nor his Latin commentators indicate how to find the 
square roots of numbers which are not perfect squares. BY 
contrast, Immanuel explains at length, and with many examples, 
how to extract square roots. His method is similar to that of 
his older contemporary R. Levi ben Gershon, whose notation he 
also adopts for computation. [6] The first nine letters of the 
Hebrew alphabet are used to represent the digits with a circle 
for zero,and numbers are written in the positional notation. 
However, for smaller numbers, he occasionally uses the older 
Hebrew numerals in which the later letters of the alphabet stand 
for tens and hundreds. 
2. Archimedes [7] used a polygon of 96 sides to compute an 
upper and a lower bound for 71 obtaining the inequality 
3 10/71 < 71 < 3 10/70. It seems that there were few attempts for 
a long time to sharpen Archimedes’ inequaltiy. His contemporary 
Appollonius is said to have calculated a closer approximation, 
but it is unknown. [8] Ptolemy (87-165) computed tables of 
chords at intervals of 30’ of arc. [9] This corresponds to an 
inscribed polygon of 720 sides, and Ptolemy’s value for a chord 
subtending an angle of 30’ at the centre of a circle of diameter 
120 is given as 31’ 25”. Thus the perimeter of the inscribed 
720-gon is 377, and an approximation to 71 is 3771120 or, 
expressed in sexagesimals, 3”8’30”. It was not until around 1436 
that the Persian Al Kashi computed II to 18 decimal places. [lo] 
Immanuel Tov-elem may have been one of the first, outside of 
the Far East [ll], to extend Archimedes’ computation by 
considering a polygon of 3072 sides. 
3. Finally, and perhaps of greatest significance, Bonfils 
explicitly discusses the problem of minimizing the possible 
error in selecting within the bounds determined a suitable 
approximation for 71. 
In the following, all quotations are from Tov-elem’s tract 
unless otherwise indicated. The translation from the Hebrew is 
my own, and where emendations are plainly necessary to correct 
a careless copyist's mistakes or omissions, I have made them 
and noted that fact by underlining the corrected numbers, but I 
have not felt it desirable to record the wrong numbers in the 
ms. in every case, since this could only cause confusion. As 
usual, square brackets enclose explanatory material not in the 
text. 
I 
[folio 59a]’ 
Immanuel ben Jacob said: It is my wish to explain that 
the ratio of the diameter of a circle to its perimeter is 
greater than the ratio 21,600 : 67,861. Accordingly, the 
circumference is less than three diameters plus 17 and 
l/180 parts in 120 of the diameter. [i.e., 
3 + (17 + l/180) (l/120) diameters] 
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The motivation for representing the fractional part in terms 
of l/120 of a diameter is apparently the fact that ever since 
Ptolemy [12] astronomers used for their tables a circle of radius 
lo = 60 minutes and so the diameter of the standard circle is 
120 minutes. However, in his demonstration, Immanuel follows 
Archimedes who used as an approximation not exceeding v!? : 1 the 
value 265 : 153. [13] He therefore constructs a circle incorpor- 
ating these measurements. (Figure 1) 
Figure 1 
For example, given the circle ABCD with centre E and 
diameter AC. I say that the ratio of the diameter AC 
to the circumference ABCD is greater than 21,600 : 67,861. 
Through C draw GCH tangent to the circle ABCD at C and 
let GCH be the side of a hexagon circumscribing the circle. 
Join EH. Since GCH is the side of a hexagon EH = GH and 
since angle ECH is a right angle, CH = GC. Also EH = 2CH. 
Bisect angle CEH by line EJ, and it is known that CJ is 
half the side of the 12-gon on the circle ABCD. 
Let EH = 306 and HC = 153. Since angle CEH is bisected, 
CE : EH = CJ : JH, and the reciprocals EH : CE = JH : CJ. 
By composition, HE + EC : EC = HJ + JC : JC and the 
reciprocals EC : HE + EC = JC :JC + HJ, and transposing, 
EC : CJ = CE + EH : JC + JH, the last [sum] being HC. 
Now, since HE + EC : HC > 571 : 153 as we shall explain, 
therefore also EC : CJ > 571 : 153. Now our statement 
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that HE + EC : HC is greater than etc. [571 : 1531 is 
shown in this way. Take the square ( ) [14] on the 
length EH which is 93,636. Subtract from it the square 
on HC namely the square of 153 which is 23,409 leaving 
70,227. That is the square on EC, for angle ECH is a 
right angle. Find the nearest square root not exceeding 
it and it comes out to be 265. [(265)2 = 70,225]. So the 
true [15] length EC is greater than 265. Adding 265 to 
306, which is the length of EH, yields 571. So the 
true length of the sum HE + EC is greater than 571. 
Thus, HE + EC : HC > 571 : 153. 
Also EC : CJ > 571 : 153, and the ratio of the square 
on EC to the square on CJ is greater than the ratio of 
(571)2 = 326,041 to (153)2 = 23,409. Also, by composi- 
tion, (EC)2 + (CJ)2 is greater than the ratio of 
(571)2 + (153)2 = 349,450 to (153)2 = 23,409. But 
(EJ)2 = (EC)2 + (CJ)2 since angle ECJ is a right angle. 
Thus, (EJ)2 : (CJ)2 ' 349,450 : 23,409. Also EJ : CJ 
exceeds the ratio of the true root of 349,450 to 153 which 
is the true root of 23,409. Since we find 591 l/8 to be 
less than the true root of 349,450, as we shall explain, 
it follows that EJ : CJ is much greater than 591 l/8 : 153 
591 l/8 : 153... 
We have already explained that EC : CJ > 571 : 153. 
Thus, JE + EC : CJ is much greater than the ratio of 
591 l/8 + 571 = 1162 l/8 to 153. 
All of this is just a detailed exposition of Archimedes' own 
procedure which Immanuel follows through repeated bisections of 
the angle CEH. Archimedes and his Latin expositors stop after 
the fourth bisection which yields l/48 of a right angle subtended 
by a half-side of a regular polygon of 96 sides circumscribed on 
the given circle. Immanuel, however, continues through six more 
stages, obtaining after ten bisections a half-side of a regular 
polygon of 3072 sides. He finds that the ratio of the diameter 
(=2EC) to a side of a 3072-gon exceeds 149,605 l/8 : 153. He 
concludes that the ratio of the diameter to the perimeter of the 
circumscribed 3072-gon exceeds 
149,605 l/8 : 474,016 
or 1,196,841 : 3,760,128 (Ratio 1) 
Now for a standard circle, the diameter would be 
2' = 120' = 7200". It is, therefore, desirable to express the 
ratio of the diameter to the circumference in terms of a multip 
of 7200. Without explaining his reason, Bonfils uses for this 
purpose the number 21,600 (= 3 x 7200) which corresponds to 
dividing each minute of length into 180 parts. The nearest 
integral ratio not exceeding Ratio 1 above is then found to be 
21,600 : 67,861, and so this is exceeded by the ratio of the 
le 
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diameter to the circumference, or l/n. This lower bound for 
l/s is equivalent to an upper bound for 7( of 3.14171+. 
Before proceeding to compute an upper bound for l/a, Immanuel 
digresses to anticipate his result and concludes that a valid 
approximation [16] for IT is 377/120, which he compares with 
various values suggested by Abraham Ibn Ezra. We shall return 
to discuss this digression which is of historical interest 
after an analysis of the second part of the computation of the 
bounds of the ratio of diameter to circumference. 
II 
To compute the perimeter of the polygon inscribed in a circle, 
Archimedes uses the right-angled triangle having as sides the 
diameter and one side of the required polygon. (Figure 2) 
Figure 2 
Beginning with a hexagon, AC : CB = fi : 1, and this is less 
than 1351 : 780. 
Immanuel departs from Archimedes' precedent, using instead a 
standard circle of radius lo and basing his computations on 
a triangle with vertex at the centre. Moreover, his computations 
are now in the sexagesimal units in use by the astronomers, 
Since part of his purpose is to explain the method of extracting 
roots, this is the more natural procedure. (Figure 3) 
[folio 65a] 
Furthermore, we come to explain that the ratio of 
diameter to circumference is less than 21,600 : 67,859, 
so that if the diameter be 21,600 the circumference 
exceeds 67,859.* We have calculated this carefully and 
written out all the computations required for this 
procedure and we use an example of a circle with radius 
one degree. Thus, draw the circle ABCD with centre E 
and diameter AEB of length 2 degrees. Let the chord AC 
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Figure 3 
equal the radius AE. It is then a side of the hexagon 
inscribed in the circle ABCD. Bisect AC at G and produce 
EG to intersect the circumference at D. The chord AD is a. 
side of the 12- 
(AE)2 = (AG) 5 
on and we ascertain its length in this yay. 
+ (GE)2 since angle AGE is a right angle. 
Since we know (AC)2 for it is the square of the radius, 
we also know that (AG)2 = l/4 (AE)2 since AG = AE/2. Thus, 
(AG)2 = 151,165,440,000,000,000 tenths [l tenth = 60-10 of 
a de 
1 
reel. Subtract (AG)2 from (AE)2 leaving 
(GE) = 453,496,320,000,000,000 tenths. Extract the nearest 
larger integral root, i.e., such that its excess over the 
true root is not a full fifth but only some sixths. It is 
673,421,354 fifths so that the true length of GE is a little 
less. *Subtract this length from DE and the true length of 
DG is greater than 104,178,646 fifths and its square is 
10,853,190,282,393,316 tenths. 
(AD)2 = (DG)2 + (AG)2 = 162,018,630,282,393,316 tenths. 
Its root is AD. But the true root is greater and that is 
a side of a 12-gon. 
He iterates the same procedure until he has obtained a side 
of a regular polygon of 3072 sides. The following table 
summarizes his results up to a polygon of 768 sides. 
pn : a side of the regular inscribed polygon of 3.2n sides 
corresponding to AC, AD,,.. 
HMl Tract of Immanuel Tov-elem 21 
qn : the part of its bisector cut off by pn and the 
circumference, corresponding to DG, etc. 
n No. of sides (Pn)2 in tenths qn in fifths 
6 604,661,760,000,000,000 
12 162,018,630,282,393,316 
24 41,206,699,666,988,258 
48 10,345,930,340,372,689 
96 2,589,254,480,432,973 
192 647,486,955,773,139 
384 161,882,573,879,565 
768 40,471,320,666,420 
104,178,646 
26,496,077 
6,652,475 
1,664,901 
416,336 
104,091 
26,023 
Had he stopped here, he should have gotten a lower limit for 
1~ of 3.141584... However, at the next stage, Tov-elem made a 
mistake. Instead of q8 = 6,505, a slip in subtraction gave him 
16,505. 
The rest of his results are summarized as follows: 
8 768 16,505 (wrong) 
9 1,536 10,117,830,166,605 1,983 
10 3,072 2,529,529,577,696 
Extracting the square.root of (~10)~~ the side of the 3072-gon 
is 1,590,449 fifths. 
In fact, however, the figures should read: 
8 768 6,505 
9 1,536 10,117,872,481,630 1,626 
1.0 3,072 2,529,470,764,284 
This yields for the side of the 3072-gon the value 1,590,430 
fifths, and Tov-elem has an excess of 19 x 3072 fifths on the 
perimeter of the 3072-gon. 
[folio 67b] 
Thus it is shown that for a circle of diameter 
1,555,200,000 fifths, the perimeter of the inscribed 
regular polygon of 3072 sides exceeds 4,885,859,328 fifths. 
But the circumference of the circle is greater than the 
perimeter of the inscribed polygon... 
He then divides through by 3072 to obtain a ratio of 
506,250 : 1,590,449, which is then rounded off to 
21,600 : 67,859. 
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[folio 68a] 
For a circle of diameter 21,600 the circumscribed 
3072-gon has a perimeter less than 67,861 and the inscribed 
3072-gon has a perimeter greater than 67,859. But the 
circumference of the circle is greater than the perimeter 
of the inscribed figure and less than that of the 
circumscribed one; so it is even greater than 67,859 
and even less than 67,861.. . 
[folio 68b] 
. . . This ratio is greater than lo : 3*8’30”10” and less 
than 1” : 3”8’29”50”’ . 
For calculation, a precise value of 71 is required, and Bonfils 
therefore decides that a suitable approximation to the circum- 
ference of the standard circle is the arithmetic mean between 
the bounds, [17] but not without giving consideration to the 
possibility of ascertaining what interval between his upper and 
lower bounds is likely to contain the true value. 
[folio 68b] 
Because the excess of 3’8’ 3O”lO”’ over 3”8’30” equals 
the deficiency of 3”8’29”50” from 3”8’30”, we decided 
that the ratio of the diameter to the circumference is 
as lo : 3’8’30”. 
I considered that experts and great men among the 
mathematicians may complain that it is not appropriate to 
decide that the circumference of the circle exceeds the 
perimeter of the inscribed polygon by the same amount 
as it is deficient from the perimeter of the circumscribed 
polygon, both polygons being similar. It cannot be cor- 
rect, as we find for a square inscribed in a circle of 
diameter 7’ and the circumscribed square. The circumference 
of the circle is approximately 22 and there is in saying 
so [i.e., taking such a rough approximation] no harm at 
this stage. 
Now the sum of the four sides of the circumscribed 
square exceeds the circumference of the circle much 
more than the deficiency of the perimeter of the inscribed 
square from the circumference. of the circle. Similarly, 
it is incorrect to say that the excess of the circum- 
ference over [the perimeter of] an inscribed figure equals 
its deficiency from the circumscribed figure. I know 
that this is false but I know that the disparity between 
the deficiency and the excess gets smaller as the number 
of sides of the inscribed and circumscribed polygons 
increases. Thus we can say that the disparity between 
the deficiency of the circumference from the perimeter of 
the circumscribed hexagon and its excess over that of the 
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inscribed hexagon is much less than the disparity between 
the deficiency of the circumference of the circle from the 
perimeter of the circumscribed square and its excess over 
that of the inscribed square. 
Similarly, as the number of sides increases the 
disparity decreases, especially now that we have a poly- 
gon of 3072 sides. 
Moreover, taking the circumference of a circle on 
diameter lo to be 3’8’30” actually represents an excess 
over the inscribed perimeter less than the deficiency 
from the circumscribed perimeter, for we have found 
that the perimeter of the inscribed polygon exceeds 
3°8’29”51”’ 34’” 24” which differs from 3’8’30” by 
8”’ 25 ‘” 36”. As for’the circumscribed figure, we have 
found its perimeter to be less than 3”8’30”9”’ 28 ‘” 48” 
which exceeds 3’8’30” by 9”’ 28’” 47’. 
While Bonfils does not investigate the exact behaviour of his 
“disparity function” as the number of sides in the polygons 
increases, even his rough qualitative treatment indicates an 
awareness of the general nature of the problem. Noteworthy too 
is his recognition of the distinction between errors of different 
orders of magnitude, which allows him to use a very crude 
approximation to IT when considering the square in a circle because 
“there is no harm at this stage.” 
It is strange that a mistake should have led to Ptolemy’s 
approximation to 71, especially if it is borne in mind that this 
was a lower bound being in reality the perimeter of a 720-gon. 
However, since Ptolemy arrived at his value of the side of a 
720-gon by an indirect method, Bonfils may have thought that this 
gave too great a value for an inscribed 720-gon. Bonfils may have 
felt that he was reducing Ptolemy’s error by making the latter’s 
lower bound the value of IT itself. 
III 
Bonfils goes on to state and prove a number of theorems in 
the Archimedean tradition on areas of circles, spheres, cylinders, 
cones, and regular polyhedra. There are occasional references 
to Euclid, but no other authors are cited. Most of the results 
appear in Archimedes’ On the Sphere and the Cylinder. 
Then follows [folio 74b-79b] a section on arithmetic treating 
of division of sexagesimals, multiplication and extraction of 
square roots, 
series. 
as well as assorted problems including geometric 
IV 
What is Immanuel’s precise position in the mathematical tra- 
dition of the Middle Ages? It is difficult to identify his 
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sources and this difficulty is compounded when one considers his 
digressionary remarks just after the computation of the circum- 
scribed polygon. (Figure 4) 
Figure 4 
[folio 64a] 
Immanuel said: Ibn Ezra has written in the section 
shmot: [18] “If you let the diameter of a circle be that 
number [number lo] and draw a chord [perpendicular to the 
diameter] at a point l/3 [of the diameter], then the 
isosceles triangle [on this chord as base with height 2/3 
of the diameter] is of the same number [in area] as the 
circumference [of the circle] ; and similarly the [inscribed] 
rectangle [on the same base] in the circle.” He also 
wrote at the end of his Sefer HaMispar [19] in the name 
of Archimedes that the circumference exceeds thrice the 
diameter by more than ten parts in 70 l/2 of the diameter. 
I shall explain the length of the circumference according 
to Ibn Ezra... . . . it will be 31”25’37”5” 5’” 53” and some 
sixths . . . .for a circle of diameter 10”. 
Now I am greatly amazed at his words for I have shown 
by proof that if the diameter of the circle is 10’ the 
circumference is less than 31°25’1”34” 48 lv , and he erred 
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on this by more than 36”. , . 
..* Also what he says in the name of the Indian sages 
that for a diameter of 20,000 the circumference is 62,838 
is false for it is less than that by an amount greater- 
than 3... 
. . . Also that which he says in the name of Archimedes 
that the circumference exceeds thrice the diameter by 
more than 10 parts in 70 l/2 of the diameter -- far be it, 
he did not say it! For I have already shown... 
The comment on Archimedes is enlightening. The Hebrew word 
which I have translated “Far be it” is very revealing. It is the 
same word that occurs in the Bible (Genesis 19:25) when Abraham 
confronts the Almighty: “Far be it from thee! Shall not the 
Judge of all the earth do justice?” Its use by Tov-elem in this 
context is appropriate only because it is known that Archimedes 
was the source of knowledge about how to compute the ratio of the 
circumference to the diameter. On the other hand, in the entire 
tract, Tov-elem never once acknowledges explicitly that the 
method he is using derives from Archimedes. That is apparently 
taken for granted. Yet the formulation and the order of the 
theorems and the proofs are certainly not patterned directly 
after our text of Archimedes, nor does fmmanuel seem to know a 
specific book credited to Archimedes to which he might refer in 
order to contradict the citation of Ibn Ezra. 
The extension of the computation seems original with Immanuel 
as evidenced by the mistake he made. Possibly he knew Arabic, 
though in southern France in his day that was becoming a rare 
skill. He must have known Latin well for he translated into 
Hebrew the tenth-century tale of the wars of Alexander the Great 
Historia de proeliis by Archbishop Leon. Yet the differences are 
great between Bonfils’ tract and the various texts in the Arabo- 
Latin tradition as collected by Marshall Clagett. It is not 
unlikely that there were other intermediary sources, perhaps in. 
Hebrew, Arabic, or even Latin, upon which Immanuel Tov-elem drew 
and to which he tried to add his own contribution. That even one 
copy, albeit corrupt, survived indicates that some students did 
regard his work as useful, at least for the variety of results 
it contains. No doubt someone discovered Tov-elem’s error and 
that may account for the fact that this particular tract almost 
disappeared from view. 
NOTES 
Thanks are due to the Bibliotheque Nationale in Paris for 
kindly making available to me a microfilm of the ms. of Immanuel’s 
work and for permission to quote from it. 
I am especially indebted to Mr. Gabriel Goldstein (London) who 
checked some of the calculations on a computer. His invaluable 
assistance is greatly appreciated. 
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p. 268. For a survey of the history of the determinations 
of 71 see Herman C. Schepler, “The Chronology of Pi” Mathe- 
matics Magazine 23 (1949-50) p. 165-170, 216-228, 279-283. 
The Chinese mathematician Liu Hui (3rd cent .) is said to 
have considered a polygon of 3072 sides to compute 
IT = 3.14159 and Tsu Ch’ung-Chih (430-501) went much 
further. (C. B. Boyer, A History of Mathematics, p. 224.) 
dlmagest, Bk. 1, chap. 12 (ed. M. Halma,Vol. 1, p. 56). 
Heath in his “Introduction” (p. lxxiv ff .) cites various 
theories to explain how Archimedes arrived at the approxi- 
mations 265 : 153 and 1351 
greater than fi : 
: 780 respectively less and 
1, as well as how he computed the square 
roots of the large numbers involved in the calculation of 
II. See also E.J. Dijksterhuis, Archimedes (Copenhagen 
1956) p. 229 ff. 
In the Verba Filiorum gf the Banii MESH (ninth cent.) the 
choice of the approximation is attributed to “the facile 
utility of this number for computation” (Clagett, Archimedes 
a.., p. 269). 
The labelling of the square reads A-C which is unclear. 
The term “true length” corresponds to the usage “true root” 
below which matches the Latin “Vera radix” of the Florence 
versions rather than the Greek “exact root” of Eutocius. 
See Clagett, Archimedes..., p. 139. Another similarity to 
the Florence version is that both tend to convert numbers 
containing fractions to their improper fractional form be- 
fore squaring or extracting square roots. (Clagett, p. 95) 
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16. Note that this is Ptolemy’s value (see above fn. 9). In 
modern decimal notation it is 3.1416. 
17. Apparently, already in the 5th cent. B.C.E. Bryson of Heracla 
circumscribed and inscribed polygons in a circle, but erred 
in assuming that the area of the circle is the arithmetic 
mean between that of the circumscribed and inscribed poly- 
gons . (See Schepler “The Chronology of Pi” p. 166. ) 
18. The quotation is from the Bible commentary of R. Abraham 
ibn Ezra, Exodus 3 : 15 (ed. Krinski, reprint Bnai Brak 
5721 A.M.). As can be seen from Figure 4, Ibn Ezra’s 
suggestions amounts to 71 = (20/9)fi = 3.14269.. . . 
19. R. Abraham ibn Ezra, sefer ha-Mispar ed. Moritz. Silberberg 
(Frankfurt a.M. 1895, reprint Jerusalem 5730 A.M.) p. 78-79. 
I have not been able to discover what is Ibn Ezra’s 
source for this erroneous report on Archimedes. 
In the passage referred to, Ibn Ezra himself states his 
suggested value of the circumference of a circle on 
diameter 1 to be 3; 8, 33, 42, 30, in sexagesimal notation, 
which yields for a circle of diameter 10’ a circumference 
of 31°25’37”5”‘. Immanuel extended the computation further 
to obtain the value given in the text. 
It is noteworthy that in the same passage, Ibn Ezra also 
cites Ptolemy’s approximation which he describes as rta mean 
value,” namely 3’8’30”. 
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THE CHARLES S, PEIRCE NEWSLETTER 
A new journal with the above title, published by the 
Institute for Studies in Pragmaticism, Texas Tech University, 
P.O. Box 4120, Lubbock, Texas 79409, USA will be sent free to 
scholars who request it. It solicits “queries, news, notes, 
views, mini-reviews, reports of work in progress, and announce- 
ments of some discovery or item of interest which might be of use 
to other research workers in Peirce, pragmaticism, semiotics, and 
other related matter.” 
NEWSLETTER ON TEACHING HISTORY OF MATHEMATICS 
An “occasional newsletter, " Teaching the History of Mathematics, 
is being issued by Barnabas Hughes, O.F.M. of California State 
University at Northridge. It developed from a workship on this 
subject at the California Mathematics Conference in November 1972. 
It contains brief notes about books, meetings, and other items 
of interest. 
